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013.07.0Abstract The dynamics of a rotating tethered satellite system (TSS) in the vicinity of libration
points are highly nonlinear and inherently unstable. In order to fulﬁll the station-keep control of
the rotating TSS along halo orbits, a nonlinear output tracking control scheme based on the
h–D technique is proposed. Compared with the popular time-variant linear quadratic regulator
(LQR) controller, this approach overcomes some limitations such as on-line computations of the
algebraic Riccati equation. Besides, the obtained nonlinear suboptimal controller is in a closed form
and easy to implement. Numerical simulations show that the TTS trajectories track the periodic
reference orbit with low energy consumption in the presence of both tether and initial injection
errors. The axis of rotation can keep pointing to an inertial speciﬁc object to fulﬁll an observation
mission. In addition, the thrusts required by the controller are in an acceptable range and can be
implemented through some low-thrust propulsion devices.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Over the past few decades, a number of concepts for space
exploration using a tethered satellite system (TSS) have been
proposed in the ﬁeld of space science. The conﬁguration of
interconnecting satellites with tethers has been proven to be
particularly attractive in space observations for various
reasons. Several beneﬁts ranging from economic interests to1 86402108.
com (G. Liu), huangjing04415
cn (G. Ma), Chuanjiangli@
orial Committe of CJA.
g by Elsevier
ng by Elsevier Ltd. on behalf of C
34enhancement of robust performance can be resulted from a
TSS. Moreover, variable-baseline interferometric observations
can also be achieved by effective deployment and retrieval of
tethers. In addition, an observational plane can be densely cov-
ered by rotating a TSS. Therefore, rotating TSSs have drawn
much attention in the last decades, leading to some research
in synthetic aperture radar,1 very long baseline interferome-
try,2 solar sailor spacecraft,3 etc.
For deep-space exploration, a location near the Sun–Earth
L2 is especially suitable for space-borne infrared telescopes be-
cause of the low ambient temperatures of the region and the
constant relative locations of the Sun and the Earth to a TSS.
Furthermore, it is feasible to exploit the stability condition near
L2 point to further reduce station-keeping costs.
4 However, be-
cause of the inherent instability of the dynamics near libration
points, missions about collinear points demand a great deal of
active control. Therefore, an accurate dynamics model and
effective controllers are needed for the station-keeping problemSAA & BUAA. Open access under CC BY-NC-ND license.
1228 G. Liu et al.of rotating TSS. However, unlike those for low Earth orbits,5
there are very few results on dynamics and control of TSSs near
libration points.
There are some relatively recent interests in multi-tether
systems near libration points. Gates6 ﬁrstly derived a dynamics
model of multi-tethered systems in arbitrary conﬁgurations
near collinear libration points. He employed massless and
extensible tethers to construct a system and regarded tether
tensions as generalized forces acting on each satellite. Based
on the framework of Ref.6 the Submillimeter Probe of the Evo-
lution of Cosmic Structure (SPECS) mission was introduced
by Kim and Hall7,8 and both linear and nonlinear control laws
were developed for several possible SPECS mission plans. Far-
ley and Quinn9 at NASA studied the infrared interferometry
mission by using a large multi-tethered system located near
the Sun–Earth L2 point. They did some preliminary analysis
on several possible system conﬁgurations. It should be noted
that in Refs.6–9 the TSSs considered were not in some periodic
orbits, while environmental forces like gravitational attrac-
tions were not considered. Taking into account the gravities
of two primary bodies as well as the rotation of a three-body
reference frame, Misra et al.10 studied the dynamics of a
two-body tethered system near L2 point. They focused their
work on the motion around the center of mass of the system.
A simple linear stabilization controller was also proposed by
changing the tether length. However, the analysis they did
was only on the planar motion of the TSS near equilibrium
positions.
Based on the work of Ref.10, Wong and Misra11 studied the
motions of a ﬁxed-length TSS under the attractions of two
primaries in the three-dimensional space. Their research was
mainly focused on the cases where the parent satellite of the
system moved in small periodic orbits near L2 point. A linear
quadratic regulator (LQR) control algorithm based on the lin-
earized dynamics model was proposed, but this control scheme
is limited to small amplitude periodic orbits. Zhao and Cai12
developed the nonlinear coupling dynamics of a hub-spoke
conﬁguration TSS. In their work, the parent satellite was con-
sidered moving along large halo orbits around L2 point in the
Sun–Earth circular restricted three-body problem (CRTBP).
Motion equations were derived based on the Hill approxima-
tion. He also analyzed some impacts of initial rotating angular
velocity and the change of tether length on the orbit stability
without control. By exploiting the Hill approximation ap-
proach, Sanjurjo-Rivo et al.13 investigated the dynamics of a
TSS near collinear libration points. A simple feedback control
law was proposed for the system to achieve stabilization near
the essentially unstable equilibrium points. However, the Hill
approximation approach is a simpliﬁcation of the traditional
CRTBP. It is under the assumption that the mass of the
secondary primary is much smaller than that of the other
primary, and the distance between the primaries is much
longer than the distance from the secondary primary to the
origin. For better analysis on the real system dynamics and
control, a high-precision description as the CRTBP is needed.
In points of control on the libration-point orbit station-
keeping of the CRTBP, early investigations often focused on
impulsive unconstrained formation-keeping strategies based
on target points and the Floquet methods.14 Continuous
control techniques were also explored to track arbitrary
reference trajectories. Some nonlinear methods were employed
in spacecraft formation-ﬂying controller designs.15–17 Huanget al.18 designed an optimal robust decentralized attitude
tracking control strategy for a three-inline spinning tethered
satellite system with uncertainty in the dynamics, but she only
solved the relative attitude control problem of the TSS without
considering the orbit coupling dynamics in the CRTBP. How-
ever, research on the TSS station-keeping nonlinear control
problem along periodic orbits around libration points is lim-
ited compared with the free formation ﬂying. For the mission
of TSS station-keeping, simple expressions, precise results, and
low fuel expenditure constitute the basic requirements of the
control system.
This paper investigates the dynamics of a rotating two-
body TSS near the collinear libration points in the Sun–Earth
CRTBP. An averaging method is used to study the motion of
the fast rotating tethered system in the long term. This
method makes the attitude motion decouple from the orbital
motion. Therefore, it is possible to integrate the rotational
motion analytically and calculate the vector normal to the
rotating plane to point to a speciﬁc object in an inertial frame
for an observation mission. Then, a h–D nonlinear subopti-
mal output tracking controller is developed in conjunction
with continuous low thrust for the stabilization mission of
the TSS along the large halo orbits. The main idea of this
approach is to track the nominal orbits accurately with low
energy consumption. Compared with other technique like
the state-dependent Riccati equation (SDRE), the h–D con-
troller does not need online computation of the algebraic
Riccati equation. Moreover, it is in a closed form, which
makes it suitable for onboard implementation. Finally, the
performance of the approach is evaluated through numerical
simulation.2. Description of the system
In this paper, a new approach for the general treatment of a
two-body rotating TSS moving in a required halo orbit near
the Sun–Earth libration points is considered. The masses of
two satellites are denoted by m1 and m2. The satellites are con-
nected by a tether of length Ld, the mass of which is md. The
total mass of the system is m= m1 + m2 + md. It is assumed
that the satellites at the ends of the tether can be treated as
point masses and the tether is rigid and inextensible.
The system of interest is set in the framework of the CRTBP,
replacing the small mass in the classical CRTBP setup with a
multi-body tethered system. Solar radiation pressure is not con-
sidered as the surface area of the system illuminated by the Sun
is assumed to be small. Other environmental perturbations such
as the gravitational attraction of the Jupiter are neglected as
their magnitudes are much smaller than the gravity gradient
forces exerted by the primary bodies. Fig. 1 shows the geometry
of the TSS in the CRTBP. The two primary masses of the
CRTBP,M1 andM2, are assumed to revolve around their com-
mon centroid Gp in a circular orbit. l denotes the distance be-
tween the two primaries, while l1 and l2 denote the distances
of M1 and M2 from Gp, respectively. It can be calculated that
l1 = tl and l2 = (1  t)l, where t=M2/(M1 +M2).
Any non-rotating frame with origin at Gp will be considered
as an inertial frame. The relative motion between the primaries
is circular and it takes place in a plane with a constant direc-
tion. Let GpX1Y1Z be an inertial frame embedded in this plane.
The synodic frame GpXYZ is rotating around the axis GpZ
Fig. 2 Halo orbits around the L2 point in the Sun–Earth system.
Fig. 1 Geometry of the TSS in the CRTBP.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðM1 þM2Þ=l3
q
, and G
is the universal gravitational constant.
Since we are interested in the motion of a spacecraft in the
vicinity of M2, we will take a new frame OXYZ with origin at
the center of mass of this primary and axes parallel to the cor-
responding axis of the frame GpXYZ. This new frame coin-
cides with the orbital frame of the secondary primary in its
trajectory around the main primary. The unit vectors i, j,
and k are along the X, Y, and Z axes, respectively. The posi-
tion vectors of the center of mass C relative to M1 and O
respectively can be written as
R1 ¼ ðXþ lÞiþ Yjþ Zk; R1 ¼ jR1j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðXþ lÞ2 þ Y2 þ Z2
q
ð1Þ
R2 ¼ Xiþ Yjþ Zk; R2 ¼ jR2j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X2 þ Y2 þ Z2
p
ð2Þ3. Equations of motion
3.1. Dynamic model of the CRTBP
The equations of motion of the CRTBP are derived based on
the Newtonian theory. Without considering the external con-
trol forces, the inertial acceleration of a rigid satellite under
the effects of two primaries of masses M1 and M2 is
d2Rp
dt2
¼ GM1
R31
R1  GM2
R32
R2 ð3Þ
In the rotating frame OXYZ with the constant velocity
x= xk, the acceleration of the center of mass of the tethered
satellite is
d2Rp
dt2
¼ €R2 þ 2x _R2 þ x ðx R2Þ  x2d ð4Þ
where dots mean derivatives taken in the rotating frame
OXYZ, and d= Rp  R2. In the CRTBP, d= [d 0 0]T is a
constant vector of modulus d= l(1  t).
To describe the system more conveniently, a set of dimen-
sionless quantities are deﬁned as follows:
x ¼ X
l
; y ¼ Y
l
; z ¼ Z
l
; s ¼ xt ð5Þ
From now on, the time derivative _q stands for the derivative
with respect to the non-dimensional time s: _q ¼ dq=ds. Then,
the equations of motion for the CRTBP can be expressed in
the dimensionless form:€x 2 _y ð1 tþ xÞ ¼  ð1þ xÞð1 tÞ
r31
 xt
r32
ð6Þ
€yþ 2 _x y ¼  yð1 tÞ
r31
 yt
r32
ð7Þ
€z ¼  zð1 tÞ
r31
 zt
r32
ð8Þ
where r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðxþ 1Þ2 þ y2 þ z2
q
and r2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2 þ z2
p
.
The CRTBP has three collinear L1, L2, and L3 points
and two triangular L4 and L5 points. There are numerous
periodic and quasi-periodic orbits around the libration
points. A halo orbit is one kind of three-dimensional peri-
odic orbits near the L1, L2, and L3 points. Fig. 2 illustrates
a family of halo orbits near the L2 point in the Sun–Earth
system. The initial value of these orbits can be obtained by
three-order approximation of the periodic solution and dif-
ferential correction.19 In this paper, an output tracking con-
troller is designed for the station-keeping of the TSS on
these orbits.
3.2. Rotating TSS dynamics
In the Newtonian theory, the inertial acceleration of the center
of mass of the TSS under the effects of two primaries of masses
M1 and M2 is modiﬁed from Eq. (3) as
d2Rp
dt2
¼  GM1
R31
R1  A1
 
 GM2
R32
R2  A2
 
þ T ð9Þ
where T= [Tx Ty Tz]
T 2 R3 is the vector of external con-
trol forces in the inertial frame . The terms A1 and A2 given
in Appendix A depend on the central inertia characteristics
of a tethered system of length Ld.
13
Considering the inﬂuence of the tether, after several math-
ematical operations, the non-dimensional equations of motion
for the TSS are as follows:
€x 2 _y ð1 tþ xÞ þ ð1þ xÞð1 tÞ
r31
þ xt
r32
¼ e2aB1 þ Tx
mx2l
ð10Þ
€yþ 2 _x yþ yð1 tÞ
r31
þ yt
r32
¼ e2aB2 þ Ty
mx2l
ð11Þ
€zþ zð1 tÞ
r31
þ zt
r32
¼ e2aB3 þ Tz
mx2l
ð12Þ
1230 G. Liu et al.where the coefﬁcient e depends on the tether length, e= Ld/l,
and the parameters a, B1, B2, and B3 in the equations are given
in Appendix A.
In the Dumbbell model, the system is a rigid body. As
shown in Fig. 3, u1 = u, u3 = u1 · u2 is the unit vector in the
direction of the angular momentum, and u2 ¼ _u=j _uj. Taking
into account that the torques acting on the tethered system
are normal to the tether, the resultant torque applied to the
center of mass can be written in the body frame as follows:
Mc ¼Mc2u2 þMc3u3 ð13Þ
The tether’s attitude dynamics is described by the angular
momentum equations, which lead to
du1
dt
¼ X?u2; du3
dt
¼ Mc2
X?Is
u2;
dX?
dt
¼Mc3
Is
ð14Þ
where Is ¼ mL2da is the moment of inertia about a line normal
to the tether by the center of mass C of the TSS, and the angu-
lar velocity X? ¼ ju _uj ¼ j _uj.
For rotating tethers, the attitude dynamics is described in a
better way using the Euler angles (/1,/2,/3) in sequence 1–2–
3. The unit vectors u1 and u3 can be expressed in terms of the
Euler angles as follows13:
u1 ¼
cos/2 cos/3
cos/1 sin/3 þ sin/1 sin/2 cos/3
sin/1 sin/3  cos/1 sin/2 cos/3
264
375
T
ð15Þ
u3 ¼
sin/2
 sin/1 cos/2
cos/1 cos/2
264
375
T
ð16Þ
The Euler angles can be used to ﬁnd the scalar equations of
the attitude dynamics, which are deduced from Eq. (14). After
setting the non-dimensional form of the equations, we have
_/1 ¼ Mc2x2Is
1eX? cos/3cos/2 ð17Þ
_/2 ¼ Mc2x2 Is
1eX? sin/3 ð18Þ
_/3 ¼ eX? þMc2x2 Is 1eX? cos/3 tan/2 ð19Þ
_eX? ¼ Mc3x2Is ð20Þ
where eX? ¼ X?=x is the non-dimensional form of X^. The
torqueMc mainly includes two parts: the gravitational torques
of both primaries Mg and the additional external torque
Me = [Me1 Me2 Me3]
T.
For a fast rotating tether, there are two characteristic times:
(1) the period of the orbital dynamics of both primaries and (2)Fig. 3 Frame attached to the tether.the period of the intrinsic rotation of the tether. In most cases,
the former is much longer than the latter, which makeseX?  1. To ﬁnd the time evolution of the system in a slow
time scale, we use the averaging method detailed in Ref.20.
Considering the fact that eX?  1, we obtain the following
averaged equations for a fast rotating tether:
€x 2 _y ð1 tþ xÞ þ ð1þ xÞð1 tÞ
r31
þ xt
r32
¼  1
2
e2aC1 þ Tx
mx2l
ð21Þ
€yþ 2 _x yþ yð1 tÞ
r31
þ yt
r32
¼ 1
2
e2aC2 þ Ty
mx2l
ð22Þ
€zþ zð1 tÞ
r31
þ zt
r32
¼  1
2
e2aC3 þ Tz
mx2l
ð23Þ
_/1 ¼ cos/1 tan/2 ð24Þ
_/2 ¼  sin/1 ð25Þ
_/3 ¼ eX?  sin/2 tan/2 cos/1 ð26Þ
_eX? ¼ sin/1 sin/2 cos/1 þMe3x2Is ð27Þ
where the parameters C1, C2, and C3 in the equations are given
in Appendix A.
The Eqs. (24) and (25) are decoupled from the remainder
and provide the time evolution of the direction of the angular
momentum of the tethered system. After integrating once, the
solution is
cos/1 cos/2 ¼ cos b ð28Þ
where b is an integration constant with geometric interpreta-
tion (from Fig. 4), which is the angle between u3 and k as
cosb ¼ k  u3 ð29Þ
Deﬁne un as the unit vector along the intersection of the
plane spanned by the rotating plane of tethers and the i - j
plane which is parallel to the orbital plane of the two prima-
ries, and then we have
un ¼ k u3jk u3j ¼
1
sinb
ðsin/1 cos/2iþ sin/2jÞ ð30Þ
Let a be the angle between un and i, and then
un ¼ cos a iþ sin a j ð31Þ
Therefore,
cos a ¼ cot b tan/1; sin a ¼
sin/2
sin b
ð32ÞFig. 4 Geometric interpretation for a and b.
Nonlinear dynamics and station-keeping control of a rotating tethered satellite system in halo orbits 1231Taking the time derivative in Eq. (32), we obtain
_aðsÞ ¼ 1) aðsÞ ¼ a0  s ð33Þ
where a0 is the initial value of a(s). This result has a simple dy-
namic interpretation: in this model the unit vector u3 keeps to
be a constant in the inertial frame. However, u3 must rotate
with an angular velocity xk in the synodic frame, since the
frame is rotating in the inertial space with the angular rate
+xk.
4. Suboptimal controller design for the station-keeping of the
rotating TSS
It can be observed that the dynamic equations (Eqs. (21)–
(27)) in terms of parameters /1, /2, /3 and eX? are decou-
pled from the position motion equations (Eqs. (21)–(23)),
and eX? can be controlled to a desired rotating tether angu-
lar velocity by Me3 easily, so here we mainly consider the
design of a nonlinear station-keeping controller for the cou-
pled position dynamic equations (Eqs. (21)–(23)) of the
rotating tethered system.
Eqs. (21)–(23) can be rewritten in the following state-space
form:
_X ¼ fðXÞ þ BU ð34Þ
y ¼ CX ð35Þ
where the system variable X is deﬁned as X ¼ ½x y z _x _y _zT,
the control input is deﬁned as U= [Ux Uy Uz] =
[Tx/(mx
2l) Ty/(mx
2l) Tz/(mx
2l)] T, and the control input
matrix B and the output matrix C are given by
B ¼
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
264
375
T
; C ¼
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
264
375
ð36Þ
Therefore, the problem addressed here is to ﬁnd an optimal
controller to minimize the cost function
J ¼ 1
2
Z 1
0
ðeTQeþUTRUÞdt ð37Þ
where Q 2 R3·3 is a real symmetric positive semi-deﬁnite ma-
trix, R 2 R3·3 a real symmetric positive deﬁnite matrix, and
the position error vector e 2 R3 is
e ¼ yr  y ¼ yr  CX ð38Þ
Assuming yr = [xr yr zr]
T 2 R3 is the periodic reference
orbit information only which is known, so an output tracking
controller is needed here. From the optimal control theory,21
the Hamiltonian of the above optimal control problem isFig. 5 Block diagram of the suboptimal output traH¼ 1
2
ðyrCXÞTQðyrCXÞþ
1
2
UTRUþkTfðXÞþkTBU ð39Þ
where k 2 R6 is the co-state vector, and the optimal controller
is given by
U ¼ R1BTk ð40Þ
The co-state equations take the form of
_k ¼  oH
oX
¼ CTQCX ofðXÞ
oX
 T
kþ CTQ yr ð41Þ
The equation above is extremely difﬁcult to solve. In this pa-
per, the h–D technique provides an approximate closed-form
solution by introducing perturbations to the cost function
J ¼ 1
2
Z 1
0
eT Qþ
X1
i¼0
Dih
i
 !
eþUTRU
" #
dt ð42Þ
where
P1
i¼0Dih
i ði ¼ 1; 2; . . . ; nÞ is a perturbation series in
terms of an auxiliary variable h. Di and h are chosen so that
QþP1i¼0Dihi is semi-positive deﬁnite. Rewrite the state
Eq. (34) in a linear factorization structure,16 i.e.,
_X¼ fðXÞþBU¼FðXÞXþBU¼ A0þhAðXÞh
 
XþBU ð43Þ
The system matrix F(X) is
FðXÞ ¼
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
a41 a42 a43 0 2 0
a51 a52 a53 2 0 0
a61 a62 a63 0 0 0
2666666664
3777777775
ð44Þ
where the detailed expression of F(X) is given in Appendix B.
The matrix A0 is constant; (A0,B) is a controllable pair and
(F(X), B) is point-wise controllable. Here we choose
A0 = F(X0) for more information about the dynamics. Then
the new conditions are obtained as
_X ¼ oH
ok
¼ FðXÞX BR1BTk ð45Þ
_k ¼  oH
oX
¼ CT Qþ
X1
i¼0
Dih
i
 !
ðCX yrÞ  FTðXÞk ð46Þ
Once we set up A0, A (X), Q, and R, we can get the h–D
nonlinear suboptimal output tracking controller as follows:
U ¼ R1BTk ¼ R1BTðbPðX; hÞX g^ðXÞÞ ð47Þ
The detailed process of the derivation of the h–D controller
is given in Appendix C. D1, D2, and D3 are chosen as the
perturbation matrices. The block diagram of the controller is
shown in Fig. 5.cking controller for the rotating tethered system.
1232 G. Liu et al.5. Numerical simulations
In this section, several numerical simulations are conducted for
the rotating tethered system in a halo orbit.Fig. 6 Motion of the rotating TSS under different in5.1. Nonlinear numerical simulations for the rotating tethered
system without control
The dynamics of tethered satellites is simulated using the
numerical integration method for the nonlinear, coupleditial tether lengths without control (T= 2.5 orbit).
Nonlinear dynamics and station-keeping control of a rotating tethered satellite system in halo orbits 1233ordinary differential Eqs. (21)–(27) in MATLAB for several
cases. For a fast rotating tethered system, the changes of
tethered rotating angular velocity have quite small effect on
the orbital motion of the system in an appropriate range, so
we mainly consider the inﬂuence of the tether length on the
TSS. The center of mass C of the system is placed in a halo
orbit generated without considering the inﬂuence of the
tether. The non-dimensional initial conditions that generate
the reference orbit are x(0) = 0.008336726843593,
z(0) = 0.000667468874991, and _yð0Þ ¼ 0:009919449341774,
which are obtained through three-order approximation and
differential correction. The period of the orbit is 177.87 days.
Assume that the mass distribution coefﬁcient of the teth-
ered satellite is 1/4. For a given initial rotating angular
velocity X^ = 100x and Euler angles /10 = 15,
/20 = 15, /30 = 0 of the rotating TSS, the center of
mass C is initially placed in the reference halo orbit men-
tioned above. The motions for the TSS of different tether
lengths are presented in Fig. 6. Fig. 6(a) shows the motion
of the rotating tethered system in 2.5 orbital periods
(T= 2.5 orbits) for Ld = 100, 200 km. Since the system
is unstable near the L2 point, it will deviate from the refer-
ence orbit. If the length is further increased, the system be-
comes more unstable. This can be observed from Fig. 6(b),
which shows the motion of the rotating tethered system in
2.5 orbital periods for Ld = 1000, 2000 km. Figs. 7 and 8
illustrate that the non-dimensional angular velocity and
the angle between the unit vectors u3 and k change with
time. As shown in Figs. 7 and 8, the angular velocity
and the angle between u3 and k keep nearly the same be-
fore two orbital periods. After two orbital periods, the
two values become increasingly different with the elonga-
tion of the tether. These results demonstrate that the in-
crease of the length of the tether aggravate the instability
of the whole system.Fig. 8 Time history of the angle between u3 and k of different
tether lengths without control (T= 2.5 orbit).
Fig. 7 Time history of the rotating angular velocity of different
tether lengths without control (T= 2.5 orbit).5.2. Numerical simulations for station-keeping control
In this section, the rotating tethered system will be controlled
to stay in the reference halo orbit for an observation of a ﬁxed
object in the inertial frame. The initial conditions of the refer-
ence orbit are given in Section 5.1. It is assumed that the initial
spin rate error is X^e = 4x, and the initial position errors in
the x, y, and z direction are 8000 km, 5000 km, and
5000 km, respectively. The initial Euler angles are
/10 = 15, /20 = 15, and /30 = 0. The weight matrices
of the h–D controller are selected as Q= diag(108,108,108),
R= diag(103,103,103), ki = 1, and ci = 10 (i= 1,2).
Besides, the thrusts, i.e., Tx, Ty, and Tz can be obtained as
follows:
Tx ¼ mx2lU1; Ty ¼ mx2lU2; Tz ¼ mx2lU3 ð48Þ
where m is assumed as a constant value of 500 kg. Me3 is
chosen by a simple control law as
Me3 ¼ x2Is½ sin/1 sin/2 cos/1  KðeX?  eX?dÞ ð49Þ
where eX?d ¼ 100 is the desired non-dimensional angular
velocity and K> 0 is a control gain chosen in accordance with
response time and amplitude of torque, which is chosen as 150
here.
The ODE45 of MATLAB is used to numerically inte-
grate the dynamics equations. The relative tolerance and
the absolute tolerance are 108 and 1010, respectively.
Fig. 9(a) shows the periodic reference trajectory of the mass
center of the tethered system. For a given tether length
Ld = 100 km, the actual motion of the system with nonlin-
ear suboptimal control in about ten orbital periods
(T= 1778.7 days) is shown in Fig. 9(b). It is observed that
the h–D suboptimal output tracking controller can keep the
rotating tethered system moving steadily along the reference
orbit with smaller position errors compared with the de-
sired halo orbit.
Figs. 10 and 11 illustrate the changes of the non-dimen-
sional angular velocity and the angle between u3 and k with
time of over 10 orbits. As shown in Fig. 10, the initial injec-
tion rotating angular velocity error decreases rapidly to zero
in about two days. As seen from Fig. 11, the angular momen-
tum direction keeps the same after 10 orbital periods. Fig. 12
illustrates simulation results of tethered system thrusts. As
Fig. 12 shows, the thrusts along the x, y, and z directions
drop quickly on the ﬁrst day and eventually remain near
zero. The amplitude of thrusts required by the controller is
less than 60 mN, which is reasonable and can be implemented
through current low-thrust engines.22 These simulation results
demonstrate the effectiveness of the proposed controller in
the station-keeping control of halo orbits for a rotating teth-
ered system.
In order to evaluate the capability of the control scheme
in energy saving, some detailed simulation data are needed.
The nominal halo orbit is generated by three-order approx-
imation using the Lindstedt–Poincare´ (LP) method, of
which the orbital amplitude is 1.1 · 105 km. The velocity
increments DV deﬁned on the time interval [0, tf] is intro-
duced as follows:
DV ¼
Z tf
0
T
m
 dt ð50Þ
Fig. 9 Motion of the rotating tethered system with control (T= 10 orbit).
1234 G. Liu et al.It is assumed that there are no injection errors for the
system. The simulation results show that the total velocity
increment (about ﬁve years) using the proposed h–D controller
is about 63.238 m/s.
For comparison, we design a feedback linearization control
strategy to fulﬁll the same mission under the same initial con-ditions. The nonlinear dynamics of the TSS can be described
by
€x ¼ fðx; _x;/1;/2;/3Þ þ uc ð51Þ
where x is the position. Let xr denote the reference trajectory
and xe = x  xr denote the position error. Then we have
Fig. 10 Time history of the rotating angular velocity with the
h–D control law (T= 10 orbit).
Fig. 11 Time history of the angle between u3 and k with the h–D
control law (T= 10 orbit).
Fig. 12 Time history of the thrusts of the tethered system
(T= 10 orbit).
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where uc is the output of the controller, andKpxe  Kd _xe is the
stabilizing term with Kp being the roportional gain and Kd the
derivative gain. This control strategy can also make the system
track the reference halo orbit, but the velocity increment is
about 174.67 m/s, which is greater than the h–D controller. Be-
sides, the energy consumption using the suboptimal controller is
also much smaller than 375 m/s per year of the LQR controller
in Ref.23 and 132 m/s per year inRef.24. The result demonstrates
that the controller proposed in this paper can track nominal or-
bits with relatively low energy consumption.
6. Conclusions
This paper investigates the dynamics of a fast rotating two-
body satellite system in the Sun–Earth CRTBP. For a given
initial rotating angular velocity, increasing the length of tethers
will exacerbate the instability of the system. In order to achieve
the station-keeping control for the rotating tethered system, a
suboptimal output tracking controller is designed based on the
h–D technique. Numerical simulation results demonstrate the
capacity of the proposed controller in terms of trackingperformance. The proposed h–D controller is an effective strat-
egy in keeping the TSS moving steadily on the reference halo
orbit with relatively low energy consumption. Furthermore,
the amplitude of the required thrusts generated by the control-
ler is in a reasonable range, which can be provided by current
low-thrust engines.Acknowledgements
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Appendix A. Terms in Eqs. (9)–(27)
A1 ¼ GM1
R21
Ld
R1
 2
a½S2ðcos a1Þr^1  S1ðcos a1Þu O Ld
R1
 3( )
A2 ¼ GM2
R22
Ld
R2
 2
a½S2ðcos a2Þr^2  S1ðcos a2Þu O Ld
R2
 3( )
B1 ¼ 1 t
r51
½3ðr1  uÞði  uÞ  ð1þ xÞS2ðcos a1Þ

þ t
r52
½3ðr2  uÞði  uÞ  xS2ðcos a2Þ

B2 ¼ 1 t
r51
½3ðr1  uÞðj  uÞ  yS2ðcos a1Þ

þ t
r52
½3ðr2  uÞðj  uÞ  yS2ðcos a2Þ

B3 ¼ 1 t
r51
½3ðr1  uÞðk  uÞ  zS2ðcos a1Þ

þ t
r52
½3ðr2  uÞðk  uÞ  zS2ðcos a2Þ

C1 ¼ 1 t
r51
3ðNþ sin/2Þ sin/2  ð1þ xÞS2
N
r1
  	
þ t
r52
3N sin/2  xS2
N
r2
  	
C2 ¼ 1 t
r51
3ðNþ sin/2Þ cos/2 sin/1 þ yS2
N
r1
  	
þ t
r52
3N cos/2 sin/1  yS2
N
r2
  	
C3 ¼ 1 t
r51
3ðNþ sin/2Þ cos/2 cos/1  zS2
N
r1
  	
þ t
r52
3N cos/2 cos/1  zS2
N
r2
  	
N ¼ x sin/2  ðy sin/1  z cos/1Þ cos/2
where u is a unit vector in the tether’s direction, r^1 and r^2 mean
unit vectors along r1 and r2, respectively, ai (i= 1, 2) is the
1236 G. Liu et al.angle between the units vectors r^i and u, S1 and S2 are the poly-
nomials and given by
S1ðxÞ ¼ 3x; S2ðxÞ ¼ 3
2
ð5x2  1Þ
The coefﬁcient a depicts the mass distribution of the teth-
ered satellite, that is,
a ¼ 1
12
ð3 sin2 2c 2KdÞ; cos2 c ¼ m1
m
þ Kd
2
where Kd ¼ mdm ; c 2 0; p2

 
, and a 2 1
12
; 1
4

 
.
Appendix B. Terms in Eq. (44)
a41 ¼ 1 t
x
 1 t
xr31
 1 t
r31
 t
r32
 1
2
e2a
t
r52
3 sin2 /2  S2
N
r2
  	
þ 1 t
r51
3 sin2 /2  S2ðN=r1Þ
x
þ 3 sin2 /2  S2
N
r1
  	
a42 ¼ 1
2
e2a
3ð1 tÞ
r51
sin/1 cos/2 sin/2

 3t
r52
sin/1 cos/2 sin/2
	
a43 ¼ 1
2
e2a
3ð1 tÞ
r51
cos/1 cos/2 sin/2

þ 3t
r52
cos/1 cos/2 sin/2
	
a51 ¼ 1
2
e2a
3ð1 tÞ
xr51
ðsin/1 cos/2 sin/2 þ x sin/1 cos/2 sin/2Þ

þ 3t
r52
sin/1 cos/2 sin/2
	
a52 ¼1 1 t
r31
 t
r32
þ 1
2
e2a
1 t
r51
3 sin2 /1 cos2 /2 þ S2
N
r1
  	
þ t
r52
3 sin2 /1 cos2 /2 þ S2
N
r2
  	
a53¼1
2
e2a
3ð1 tÞ
r51
sin/1 cos/1 cos
2/2þ
3t
r52
sin/1 cos/1 cos
2/2
 	
a61¼1
2
e2a
3ð1 tÞ
xr51
ðcos/1 cos/2 sin/2þxcos/1 cos/2 sin/2Þ

þ3t
r52
cos/1 cos/2 sin/2
	
a62¼1
2
e2a
3ð1 tÞ
r51
sin/1 cos/1 cos
2/2þ
3t
r52
sin/1 cos/1 cos
2/2
 	
a63 ¼ 1 t
r31
 t
r32
 1
2
e2a
1 t
r51
3 sin2 /1 cos
2 /2  S2
N
r1
  	
þ t
r52
3 sin2 /1 cos
2 /2  S2
N
r2
  	Appendix C. Derivation of the h–D controller
Assuming a power series expansion of k:
k ¼
X1
i¼0
TiðX; hÞhiXi  gðXÞ ¼ PðX; hÞX gðXÞ ðC1Þ
where Ti(X,h) (i= 0, 1, . . . ,n) is a symmetric matrix and can
be solved recursively. From the optimal control theory,21 for
an inﬁnite-time optimal problem, it can be inferred that
PðX; hÞ  lim
t!1
PðX; hÞ ¼ const; gðXÞ  const ðC2Þ
Therefore, the derivative of Eq. (C1) is given by
_k ¼ PðX; hÞ _X ¼ PðX; hÞðFðXÞX BR1BTkÞ ðC3Þ
The algebra Riccati equation and the co-state vector equa-
tion can be derived from Eqs. (46), (C1), and (C3) as
A0 þ hAðXÞh
 T
PðX; hÞ  1
2
PðX; hÞBR1BTPðX; hÞ
þ 1
2
CT Qþ
X1
i¼0
Dih
i
 !
C ¼ 0 ðC4Þ
PðX; hÞBR1BT  A0 þ hAðXÞh
 T" #
gðXÞ ¼ CT Qþ
X1
i¼0
Dih
i
 !
yr
ðC5Þ
In order to determine P(x, h) and g(X), let the coefﬁcients of
powers of hi in Eq. (C4) be zero:
T0A0 þ AT0T0  T0BR1BTT0 þ CTQC ¼ 0
T1ðA0  BR1BTT0Þ þ AT0  T0BR1BT
 
T1
¼ T0AðXÞ
h
 A
TðXÞT0
h
D1
T2ðA0  BR1BTT0Þ þ AT0  T0BR1BT
 
T2
¼ T1AðXÞ
h
 A
TðXÞT1
h
þ T1BR1BTT1 D2
..
.
TnðA0  BR1BTT0Þ þ AT0  T0BR1BT
 
Tn
¼ Tn1AðXÞ
h
 A
TðXÞTn1
h
þ
Xn1
j¼1
TjBR
1BTTnj Dn
8>>>>>>>>>>>><>>>>>>>>>>>>:
ðC6Þ
The perturbation matrix Di(i= 1,2, . . . ,n) is constructed as
follows:
D1 ¼ k1ec1t T0AðXÞh 
ATðXÞT0
h
 	
D2 ¼ k2ec2t T1AðXÞh 
ATðXÞT1
h
þ T1BR1BTT1
 	
..
.
Dn ¼ knecnt Tn1AðXÞh 
ATðXÞTn1
h
þ
Xn1
j¼1
TjBR
1BTTnj
" #
8>>>>>><>>>>>>:
ðC7Þ
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Then, Eq. (C6) becomes
Tn1AðXÞ
h
A
TðXÞTn1
h
þ
Xn1
j¼1
TjBR
1BTTnjDn
¼ fiðtÞ Tn1AðXÞh 
ATðXÞTn1
h
þ
Xn1
j¼1
TjBR
1BTTnj
 !
ðC8Þ
where fiðtÞ ¼ 1 kiecit.
fi(t) is chosen to satisfy the convergence and stability con-
ditions.25 The ﬁrst three terms T0, T1, and T2 in P(X, h) are
used to get the solution. Therefore,bPðX; hÞ  T0 þ T1ðX; hÞhþ T2ðX; hÞh2 ðC9Þ
g^ðXÞ¼ ðbPðX;hÞBR1BTFTðXÞÞ1CT QþX1
i¼0
Dih
i
 !
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